Abstract. A fixing set F of a graph G is a set of those vertices of the graph G which when assigned distinct labels removes all the automorphisms from the graph except the trivial one. The fixing number of a graph G, denoted by f ix(G), is the smallest cardinality of a fixing set of G. In this paper, we study the fixing number of composition product, G 1 [G 2 ] and corona product, G 1 ⊙ G 2 of two graphs G 1 and G 2 with orders m and n respectively. We show that for a connected graph G 1 and an arbitrary graph
Introduction
For readers convenience, we recall some basic definitions. A graph G is an ordered pair (V (G), E(G)) consisting of a set V (G) of vertices and a set E(G) of edges. The number of vertices and edges of G are called the order and the size of G respectively. If two vertices u and v are joined by an edge then they are called adjacent, otherwise they are called non-adjacent. The open neighborhood of a vertex u is N(u) = {v ∈ V (G) : v is adjacent to u in G} and the closed neighborhood of u is N[u] = N(u) ∪ {u}. For a subset U of V (G), the set N G (U) = {v ∈ V (G) : v is adjacent to some u ∈ U} is the open neighborhood of U in G. The number |N(v)| is called the degree of v in G, denoted by deg G (v). We simply write deg(v) if the graph G is clear from the context. We denote the maximum degree of G by ∆(G).
If S is a nonempty set of vertices of a graph G then the subgraph of G induced by S is the induced subgraph with vertex set S, where the induced subgraph H of a graph G is the subgraph of G such that whenever u and v are vertices of H and uv is an edge of G then uv is an edge of H as well.
A graph homomorphism is a mapping between vertex sets of two graphs that respects their structure. More concretely, it maps adjacent vertices to adjacent vertices. A bijective graph homomorphism is called isomorphism and an isomorphism from a graph G onto itself is called an automorphism of G. The collection of all automorphisms of a graph G forms a group under the operation of composition of functions, denoted by Γ(G).
A set D ⊆ V (G) is called a determining set if whenever g, h ∈ Γ(G) such that g(v) = h(v) for all v ∈ D, then g(u) = h(u) for every u ∈ V (G), i.e., every automorphism is uniquely determined by its action on the vertices of D. The determining number of a graph is the size of a smallest determining set, denoted by Det(G). Determining sets of graphs were introduced by Boutin in [2] . She gave several ways of finding and verifying determining sets. The natural lower bounds on the determining number of some graphs were also given. Determining sets are frequently used to identify the automorphism group of a graph. For further work on determining sets and its relation with other parameters see [2, 3] .
The orbit of a vertex w is the set O(w) ⊆ V (G) such that for every v ∈ O(w) there exists an α ∈ Γ(G) such that α(w) = v and we say that w is similar to v, denoted by w ∼ v. An automorphism α ∈ Γ(G) is said to fix a vertex w ∈ V (G) if α(w) = w. The stabilizer of a vertex w in a graph G is the set of all automorphisms of G that fixes w and is denoted by Γ w (G). For F ⊂ V (G), an automorphism α is said to fix the set F if for every w ∈ F , we have α(w) = w. The set of automorphisms that fix F is a subgroup Γ F (G) of Γ(G) and
where {e} is the identity automorphism. In [9] , Erwin and Harary introduced an equivalent concept of the determining number called the fixing number of a graph G, f ix(G), which is defined as the minimum cardinality of a fixing set of G. A fixing set containing f ix(G) number of vertices is called a minimum fixing set of G.
. For a pair (u, v) of similar vertices f ix(u, v)(= f ix(v, u)) = {x ∈ V (G) : g(u) = v and g(v) = u for all g ∈ Γ x (G)} is called the fixing set relative to the pair (u, v) [14] . A graph G is said to be asymmetric if automorphism group Γ(G) consists of just the identity element. All graphs considered in this paper are simple, non-trivial and have non-trivial automorphism group unless otherwise stated.
Fixing sets of graphs were further studied by Harary and Erwin in [10] and it was noted that for any positive integer n ≥ 1, f ix(K n ) = n − 1, f ix(P n ) = 1 for n ≥ 2 and f ix(C n ) = 2 for n ≥ 3. The problem of distinguishing vertices of a graph has been studied using two approaches as mentioned in [10] . The first approach involves the concept of metric dimension/location number, introduced separately by Harary and Melter [7] and by Slater [18] . The second approach uses the notion of symmetry breaking that was formalized by Albertson and Collins [1] and independently by Harary [8, 9] . In this approach, a subset of the vertex set is colored in such a way that all the automorphisms of the graph result in identity automorphism. This approach leads to the idea of fixing sets of graphs. In [10] , Harary and Erwin gave upper bounds for the fixing number of a graph in terms of the number of orbits under the action of Γ(G) and in terms of the order of Γ(G). The notion of fixing set has its application to the problem of programming a robot to manipulate objects [16] .
Metric dimension of composition product (also called lexicographic product) and corona product of graphs was studied in [13, 17] and in [19] , respectively. Motivated by the close relationship between the metric dimension and the fixing number of graphs(given in [10] ), in this paper, we consider the composition product and the corona product of graphs in the context of fixing number. This paper consists of three sections including the introduction. In section 2 and 3, we give several results related to fixing sets and the fixing number of composition and corona product of graphs.
Composition Product
The composition product of two graphs G 1 and G 2 , denoted by
, therefore throughout the paper, we will assume G 1 to be connected. Using a result on the fixing number of a disconnected graph given in [15] and the fixing number of components of G 1 [G 2 ], we give a general formula for fixing number of G 1 [G 2 ]. Some useful results related to the structure and distance properties of composition product of two graphs are stated here:
Let H be the subgraph of G having those components of G which are not asymmetric, and
Let G be a connected graph, then the distance between two vertices u and
, is the length of a shortest u − v path in G.
be the composition product of two graphs G 1 and G 2 . For every α ∈ Γ(G 1 ) and β ∈ Γ(G 2 ), there exist automorphisms f α and
be the composition product of two graphs G 1 and G 2 . For two different vertices a and b of
From Theorem 2.3, observe that to study the automorphisms of G 1 [G 2 ], we must keep in mind the automorphisms of both G 1 and G 2 . We note that for any two graphs G 1 and
if and only if k is adjacent to i in G 2 . So, the degree sequence of neighborhood of (a, i) must be same as of (a, j). For otherwise, j / ∈ O(i) and hence we conclude that (a, j) ∈ O(a, i). Hence, we have the following result: Lemma 2.6. The following assertions hold in the composition product,
Lemma 2.7. [14] Let G be a graph. If there exists an automorphism α of G such that α(u) = v, where u, v ∈ V (G) with u = v, and
From Propositions 2.4 and 2.5 and Lemma 2.7, we have the following two lemmas:
be the composition product of two graphs G 1 and G 2 . If F is a minimum fixing set for F (a) is a fixing set for G 2 (a) .
will not fix the vertices of G 2 (a). Since G 2 is not asymmetric, there exist at least two vertices x, y ∈ G 2 (a) such that x ∼ y, a contradiction. Hence, F (a) is non-empty. Moreover, F (a) is a fixing set for G 2 (a), otherwise F is not a fixing set for
Theorem 2.11. Let G 1 [G 2 ] be the composition product of two graphs G 1 and
Now, we have to show that
.., (a, u t )}, where t < |F i |, and let S = {u 1 , u 2 , ..., u t } be a subset of
, which contradicts the fact that F is a fixing set for
Lemma 2.12. Let G 1 and G 2 be two graphs with
Proof. Let F i be a fixing set of G i 2 for i ∈ {1, 2, ..., l}. Now, consider a vertex set
Since F i is a fixing set of
To prove a result for the bounds of fixing number of composition product of two graphs, we first find fixing number of some simple families of graphs. For instance, consider G 1 = P m be a path graph of order m ≥ 2 and G 2 be a graph having l ≥ 2 components G i 2 (1 ≤ i ≤ l) each of which is a path graph P n of order n ≥ 2. Since each component of G i 2 is a path, so f ix(G
for every a ∈ V (G 1 ), we need to fix one vertex of G i 2 (a). In this way, we need to fix l vertices to fix G 2 (a) for a ∈ V (G 1 ). Thus, to fix G 1 [G 2 ], we have to fix ml vertices of G 1 [G 2 ] so the f ix(G 1 [G 2 ]) = ml. Now consider G 1 = K 2 be a complete graph and G 2 = K n (n ≥ 2) be a complete graph. Then in this case, G 1 [G 2 ] is a complete graph with 2n vertices, so we have
Theorem 2.13. For any connected graph G 1 and for an arbitrary graph
where m, n are orders of G 1 and G 2 , respectively.
Proof. For upper bound, consider G 1 and G 2 both complete then
. Now, to find the lower bound, we consider the following cases: Case 1: For l = 1, G 2 is connected and using the Lemma 2.8 and Theorem 2.10, we have f ix(
Case 2: For l ≥ 2 suppose that no two asymmetric components of G 2 are iso-
Definition 2.14. Let G 1 [G 2 ] be a composition product of two graphs G 1 and G 2 . We refer the projections p G 1 and p G 2 as the corresponding
Proof. Let u a be the projection of all the vertices of G 2 (a). Let Y be a graph with V (Y ) = {u a | a ∈ V (G 1 )} and u a u b ∈ E(Y ) whenever ab ∈ E(G 1 ). Thus Y is isomorphic to G 1 . Since G 1 is asymmetric, so Y is also asymmetric and hence no vertex of G 2 (a) is in the orbit of any vertex of G 2 (b) for b ∈ V (G 1 ), where b = a. Since G 2 is asymmetric, so by Lemma 2.6(ii), for distinct
Lemma 2.16. Let G 1 and G 2 be two graphs with G 2 is asymmetric. Then
. Let u a be the projection of all the vertices of G 2 (a) and Y be a graph with V (Y ) = {u a | a ∈ V (G 1 )} and u a u b ∈ E(Y ) whenever ab ∈ E(G 1
Corona Product of Graphs
Let G 1 and G 2 be two graphs with |V (G 1 )| = m and |V (G 2 )| = n. Their corona product is denoted by G 1 ⊙ G 2 , is the graph obtained from G 1 and G 2 by taking one copy of G 1 and m copies of G 2 and joining each vertex from the i th -copy of G 2 by an edge with the i th -vertex of
In this section, we prove some results on the fixing number of
For instance, we show that for a connected graph G 1 and an arbitrary graph G 2 with |V ( 
, which is not possible by Lemma 3.1.
Theorem 3.3. Let G be a graph. Then there exists a fixing set
Proof. Let V (G + K 1 ) = V (G) ∪ {v} and F be a fixing set for G + K 1 . If v ∈ F , then nothing to prove. Let v ∈ F . Since F is a fixing set, there exists
Lemma 3.4. Let G 1 be a connected graph and G 2 be an arbitrary graph. Then for two distinct vertices Proposition 3.5. Let G 1 = (V, E) be a connected graph and G 2 be an arbitrary graph. Let
Lemma 3.6. Let G 1 = (V, E) be a connected graph and G 2 be an arbitrary graph with
If F is a fixing set of G 1 ⊙ G 2 then F ∩ V i is a fixing set for C i for every i ∈ {1, 2, 3, ..., m}.
Proof.
(1)Suppose F ∩ V i = ∅, then by Lemma 2.7, no vertex of V i will be fixed by any vertex of V j , where i = j. Since no C i is asymmetric so there exists at least two vertices u, v ∈ V i such that u ∈ O(v) and v ∈ O(u), which is a contradiction to the fact that F is a fixing set. So,
We will show that F ′ = F − V is a fixing set for G 1 ⊙ G 2 . By using Theorem 3.3, for every vertex v i ∈ V (G 1 ), there exists a fixing set F i ⊆ V (G 2 ) for {v i } + G 2 for each i ∈ {1, 2, 3, ..., m}. Also, F = ∪F i is a fixing set for G 1 ⊙ G 2 . Hence, the result. (3) Assume contrary that F ∩ V i is not a fixing set for C i for some i, then there exists u, v ∈ V i such that u ∈ O(v) and u, v / ∈ F ∩ V i , then by using Lemma 3.4, F is not the fixing set for G 1 ⊙ G 2 , a contradiction. Now we give the fixing number of corona product of a connected and an arbitrary graph that may or may not be connected and no graph is asymmetric. Theorem 3.7. Let G 1 be a connected graph and G 2 be an arbitrary graph with
Proof. Let F be a fixing set of G 1 ⊙ G 2 . From Lemma 3.6 (2), we see that F ∩ V = ∅. Moreover, from Lemma 3.6 (1), for every i ∈ {1, 2, 3, ..., m}, there exist a non empty set F i ⊂ V i such that F = m i=1 F i , and by Lemma 3.6 (3), F i is a fixing set for C i . So, f ix(
⊙ G 2 for any positive integer k i.e we join a copy of G 2 at each vertex in G 1 ⊙ k−1 G 2 and |G 1 ⊙ k−1 G 2 | = m(n + 1) k−1 . Therefore we have m(n + 1) k−1 new copies in k-th corona and it suffices to fix these copies in order to fix the graph G 1 ⊙ k G 2 . Therefore we have the following corollary:
Corollary 3.8. Let G 1 be a connected graph and G 2 be an arbitrary graph with |V (G 1 )| = m and |V (G 2 )| = n. Then f ix(G 1 ⊙ k G 2 ) = m(n + 1) k−1 f ix(G 2 ).
Lemma 3.9. If G 1 and G 2 are asymmetric graphs, then G 1 ⊙ G 2 is also asymmetric.
Proof. Note that, the graph induced by V i is C i and C i ∼ = G 2 , hence C i is asymmetric for each i = 1, 2, 3, · · · , m. Also, note that, C i ∼ = C j for any i, j ∈ V (G 1 ). Since G 1 is asymmetric, so i ∈ O(j) for any i, j ∈ V (G 1 ) in G 1 ⊙ G 2 . Hence, G 1 ⊙ G 2 is asymmetric.
Now we give the fixing number of corona product of two graphs G 1 and G 2 that may or may not be asymmetric where G 1 is connected and G 2 may or may not be.
i, j ∈ V (G 1 ) so there exists an automorphism α ∈ Γ(G 1 ⊙ G 2 ) such that α(i) = j and α(V i ) = V j . Hence, i ∈ O(j) in G 1 ⊙ G 2 if and only if i ∈ O(j) in G 1 . Hence, f ix(G 1 ⊙G 2 ) = f ix(G 1 ). Therefore f ix(G 1 ⊙G 2 ) = max{f ix(G 1 ), mf ix(G 2 )} = f ix(G 1 ). Case 3: Both G 1 and G 2 are not asymmetric. Since f ix(G 1 ) < m, also G 2 is not asymmetric so f ix(G 2 ) = 0. Hence max{f ix(G 1 ), mf ix(G 2 )} = mf ix(G 2 ) i.e. we have to show that f ix(G 1 ⊙ G 2 ) = mf ix(G 2 ). By Lemma 3.7, f ix(G 1 ⊙ G 2 ) = mf ix(G 2 ). Hence, the result.
